In this paper we introduce in study the projectively related complex Finsler metrics. We prove the complex versions of the Rapcsák's theorem and characterize the weakly Kähler and generalized Berwald projectively related complex Finsler metrics. The complex version of Hilbert's Fourth Problem is also pointed out. As an application, the projectiveness of a complex Randers metric is described.
Introduction
The problem of projectively related real Finsler metrics is quite old in geometry and its origin is formulated in Hilbert's Fourth Problem: determine the metrics on an open subset in R n , whose geodesics are straight lines. Two Finsler metrics, on a common underlying manifold, are called projectively related if any geodesic of the first is also geodesic for the second and the other way around.
The study of projective real Finsler spaces was initiated by L. Berwald, [10, 11] , and his studies mainly concern the two dimensional Finsler spaces. Further substantial contributions on this topic are from Rapcsák [23] , Misra [20] and, especially, from Z. Szabo [27] and M. Matsumoto [18] . The problem of projective Finsler spaces is strongly connected to projectively related sprays, as Z. Shen pointed out in [26] . The topic of projective real Finsler spaces continues to be of interest for special classes of metrics ( [7, 8, 15, 17, 12] , etc.).
In complex geometry, T. Aikou studied in [2] the projective flatness of complex Finsler metrics by the projective flatness of Finsler connections.
Part of the general themes from projective real Finsler geometry can be broached in complex Finsler geometry. However, there are meaningful differences comparing to real reasonings, mainly on account of the fact that the Chern-Finsler complex nonlinear connection (the main tool in this geometry), generally does not derive from a spray. Another problem is that in complex Finsler geometry, the notion of complex geodesic curve comports two different nuances, one is in Abate-Patrizio's sense, ( [1] ), and the second is due to Royden, ( [24] ). But, these notions don't differ too much. Since a complex geodesic curve in Royden's sense assures that the weakly Kähler condition is satisfied along the curve, we can state that any complex geodesic curve in [24] 's sense is a complex geodesic curve in [1] ' s sense.
Our aim in the present paper is to study the projectively related complex Finsler metrics F andF on the complex manifold M, using some ideas from the real case. We have the canonical complex nonlinear connection available, proven to be derived from a complex spray and hence it will become an important tool in our approach. Also, in order to obtain a general characterization of the projectively related complex Finsler metrics we consider the complex geodesics in [1] ' s sense.
Subsequently, we have made an overview of the paper's content. In §2, we recall some preliminary properties of the n -dimensional complex Finsler spaces.
In §3, we introduce the projectively related complex Finsler metrics and then we find some necessary and sufficient condition of projectiveness, (Theorem 3.1 and Corollary 3.1). For two projectively related complex Finsler metrics we show that if one of these is weakly Kähler then, the other must also be weakly Kähler, (Theorem 3.2). We prove some complex versions of the Rapcsák's theorem (Theorems 3.3, 3.4 and 3.5). Next, by means of these theorems we are able to characterize the weakly Kähler and generalized Berwald projectively related complex Finsler metrics, (Theorem 3.6 and Corollary 3.2). Moreover, the complex version of Hilbert's Fourth Problem is emphasized, (Theorem 3.7).
The last part of the paper ( §4) is devoted to the projectiveness of the complex Randers metricF = α + |β|. The necessary and sufficient conditions in which the metricsF and α are projectively related are contained in Theorem 4.3. We prove that the complex Randers metricF = α + |β| on a domain D from C n is projectively related to the complex Euclidean metric F on D if and only if α is projectively related to the Euclidean metric F and, F is a complex Berwald metric, (Theorem 4.4).
Preliminaries
For the beginning we will make a survey of complex Finsler geometry and we will set the basic notions and terminology. For more see [1, 21, 4] .
Let M be a n -dimensional complex manifold, z = (z k ) k=1,n are complex coordinates in a local chart. The complexified of the real tangent bundle T C M splits into the sum of holomorphic tangent bundle T ′ M and its conjugate T ′′ M. The bundle T ′ M is itself a complex manifold, and the local coordinates in a local chart will be denoted by u = (z k , η k ) k=1,n . These are changed into (z ′k , η ′k ) k=1,n by the rules z ′k = z ′k (z) and
; ii) F (z, η) ≥ 0, the equality holds if and only if η = 0; iii) F (z, λη) = |λ|F (z, η) for ∀λ ∈ C; iv) the Hermitian matrix g ij (z, η) is positive definite, where
is the fundamental metric tensor. Equivalently, it means that the indicatrix is strongly pseudo-convex.
We say that a function
Roughly speaking, the geometry of a complex Finsler space consists of the study of geometric objects of the complex manifold T ′ M endowed with the Hermitian metric structure defined by g ij . Thus, the first step is to study sections of the complexified tangent bundle of T ′ M, which is decomposed into the sum 1] ). Locally, it is given by the following coefficients (cf. [21] ):
where here and further on δ k is related to the Chern-Finsler (c.n.c.) and
In [13] it is proved that strongly Kähler and Kähler notions actually coincide. We notice that in the particular case of complex Finsler metrics which come from Hermitian metrics on M, so-called purely Hermitian metrics in [21] , i.e. g ij = g ij (z), all these kinds of Kähler coincide.
The Chern-Finsler (c.n.c.) generally, does not derive from a spray, but it always determine a complex spray with the local coefficients 
Projectively related complex Finsler metrics
In Abate-Patrizio's sense, ([1] p. 101), a complex geodesic curve is given by
which it is proven in [21] that θ * k = 2gj k c δj L and θ * i is vanishing if and only if the space is weakly Kähler. Thus, the equations of a complex geodesic z = z(s) of (M, L), with s a real parameter, in [1] ' s sense can be rewritten as
where by z i (s), i = 1, n, we denote the coordinates along of curve z = z(s). We note that the functions θ * i are (1, 1) -homogeneous with respect to This means that for any complex geodesic z = z(s) of (M, L) there is a transformation of its parameter s,s =s(s), with ds ds > 0, such that z = z(s(s)) is a geodesic of (M,L) and, conversely.
We suppose that z = z(s) is a complex geodesic of (M, L). Thus, it satisfies (3.1). Taking an arbitrary transformation of the parameter t = t(s), with dt ds > 0, the equations (3.1) cannot in general be preserved. Indeed, for the new parameter t we have
Then,
Therefore, the equations (3.1) in parameter t are
which is equivalent to
We can rewrite (3.3), taking for i two different values, as
Corresponding to the complex Finsler metricL on the same manifold M, we have the spray coefficientsG i and the functionsθ * i . If L andL are projectively related, then z = z(s) is a complex geodesic of (M,L), wheres is the parameter with respect toL . Now, we assume that the same parameter t is transformed by t = t(s) and as above we obtain
The difference between (3.3) and (3.5) gives
(3.6) On the geodesic curves, it can be rewritten more generally as
for any i = 1, n, where P is a smooth function on T ′ M with complex values. Denoting by
(θ * i −θ * i ), the homogeneity properties of the functions
Now, we use their homogeneity properties, going from η to λη. Thus, differentiating in (3.8) with respect to η andη and then setting λ = 1, we obtain
and so,
for any i = 1, n.
Lemma 3.1. Between the spray coefficientsG i and G i of the metrics L and L on the manifold M there are the relationsG i = G i + B i + P η i , for any i = 1, n, where P is a smooth function on T ′ M with complex values, if and only
From above considerations we obtain 
If there is a parametrizations =s(s) then we have
, for any for any i = 1, n.
Now, using (3.11), it results . We obtain u = ae Corroborating all above results we have proven. 
As a consequence of Lemma 3.1 we have the following. 
The relations (3.14) between the spray coefficientsG i and G i of the projectively related complex Finsler metrics L andL will be called projective change.
Theorem 3.2. Let L andL be two complex Finsler metrics on the manifold M, which are projectively related. Then, L is weakly Kähler if and only ifL is also weakly Kähler. In this case, the projective change isG i = G i + P η i , where P is a (1, 0) -homogeneous function. 
Proof. We assume thatG
Next, we prove some complex versions of the Rapcsák's theorem. 
Proof. We assume that L andL are projectively related. Then, by Theorem 3.1 and (3.15) we have
First, if these relations are contracted byg imη m , we get
. But, the (2, 0)− homogeneity of the functions
Second, contracting into (3.17) only byg im , we obtain (3.16).
Conversely, plugging the formulas (3.16) into (3.15), it results (3.14) with
.e. L andL are projectively related. 
Moreover, the projective change isG
Proof. By Corollary 3.1, if L andL are projectively related, then there is a smooth function P on T ′ M with complex values, such thatG 19) which contracted firstly byg im and secondly byg imη m givė
. Adding the last two relations
Conversely, replacing the first condition of (3.18) into (3.15) we obtaiñ
Thus, these lead toG
PluggingL =F 2 into (3.18) we have proven another equivalent complex version of Rapcsák's theorem. 
Moreover, the projective change isG 
Moreover, the projective change isG i = G i + P η i and P is (1, 0) -homogeneous.
Proof. Having in mind the Theorems 3.2 and 3.4 the direct implication is obvious. For the converse, we have B i = θ * i =θ * i = 0, because L andL are weakly Kähler, which together with (3.21) are sufficient conditions for the projectiveness of the metrics L andL. Now, plugging (3.21) into (3.15) it resultsG i = G i + P η i and the (1, 0)−homogeneity of P .
Let us pay more attention to Theorem 3.5. As its consequence, we have. 
for any r = 1, n. Moreover, the projective change isG
andF is also generalized Berwald.
Proof. The equivalence results by Theorem 3.5 in which∂rG l = 0, because F is a generalized Berwald metric. In order to show thatF is generalized Berwald, we computė ∂r[
, by using the first identity from (3.22) . Now, differentiating the projective changeG
In particular, if F is a Kähler metric, then Theorem 3.6 and Corollary 3.2 imply Corollary 3.3. Let F be a complex Berwald metric on the manifold M and F another complex Finsler metric on M. Then, F andF are projectively related if and only ifF is weakly Kähler anḋ ∂r(δ kF )η k = P (∂rF ) ; r = 1, n ; P = 1
Moreover, the projective change isG i = G i + P η i andF is generalized Berwald.
Proposition 3.1. Let F andF be two projectively related complex Finsler metrics on the manifold M. If P is (1, 0) -homogeneous with respect to η and F is generalized Berwald, then P is holomorphic with respect to η.
Proof. We haveG i = G i + B i + P η i , with P homogenous of (1, 0) -degree. This implies B i = 0 and so, by Corollary 3.2, θ * l (∂ lF ) = 0. So that, P = 1 F (δ kF )η k η i and, it has the property∂rP = 0.
Proposition 3.2. Let F andF be two projectively related complex Finsler metrics on the manifold M. If P is (0, 1) -homogeneous with respect to η and F is generalized Berwald, then B i = −P η i , for any i = 1, n, and the projective change isG i = G i .
Proof. Let be the projective changeG i = G i + B i + P η i , with P homogenous of (0, 1) -degree. SinceG i and G i are (2, 0) -homogeneous and B i , P η i are (1, 1) -homogeneous, it followsG i = G i and
Further on, the complex version of the Hilbert's Fourth Problem is approached. 
Moreover,L is generalized Berwald.
Proof. The complex Euclidean metric L := |η| 2 = n k=1 η kηk is Kähler with the local spray coefficients G i = 0, for any i = 1, n. By these assumptions, the conditions (3.21) can be rewritten aṡ 25) for any r = 1, n , where P = 
Some examples of complex Finsler metrics which are projectively related to the complex Euclidean metric are given by the following purely Hermitian metrics defined over the disk ∆ n r = z ∈ C n , |z| < r, r := 27) where |z| 2 := n k=1 z kzk , < z, η >:= n k=1 z kηk and |< z, η >| 2 =< z, η > < z, η > . They are Kähler and in particular, for ε = −1 we obtain the Bergman metric on the unit disk ∆ n := ∆ n 1 . Their geodesics are segments of straight lines.
Projectiveness of a complex Randers metric
We consider β(z, η) := b i (z)η i a differential (1, 0) -form and α(z, η) := a ij (z)η iηj a purely Hermitian metric on the manifold M. By these objects we have defined the complex Randers metricF = α + |β| on T ′ M with
where
a N i j η j are the spray coefficients of the purely Hermitian metric 
because (δ k α)η k = 0 and 
ii) α is Kähler and α is projectively related toF if and only ifF is a complex Berwald metric.
In these cases, the projective change
Proof. We first prove i). 
Conversely, ifF is generalized Berwald, then the first condition from (3.22) is identically satisfied and by (4.3),
. All these conditions imply the projectiveness of the metrics α and F . ii) is a consequence of i), under assumptions of Kähler for the metrics α andF , respectively.
Example. Let ∆ = {(z, w) ∈ C 2 , |w| < |z| < 1} be the Hartogs triangle with the Kähler-purely Hermitian metric
where z, w, η, θ are the local coordinates z 1 , z 2 , η 1 , η 2 , respectively, and |z i | 2 := z izi , z i ∈ {z, w}, η i ∈ {η, θ}. We choose b z = w |z| 2 − |w| 2 ; b w = − z |z| 2 − |w| 2 .
(4.5)
With these tools we have constructed in [5] the complex Randers metric F = α + |β|, where α(z, w, η, θ) := a ij (z, w)η iηj and β(z, η) = b i (z, w)η i .
It is a complex Berwald metric, and so, by Theorem 4.3 ii), α andF are projectively related. Our second goal is to find when a complex Randers metricF = α + |β| on a domain D from C n is projectively related to the complex Euclidean metric F on D.
For this, we make several assumptions. On the one hand we assume that F is a complex Berwald metric. Thus, by Theorem 4.3, ii) we obtain that α andF are projectively related, α is Kähler andG i = a G i . On the other hand, we assume that α is projectively related to the Euclidean metric F. 
